Abstract. We study continuous 1-dimensional time parametrization and (n − 1)-dimensional direction parametrization of Besicovitch sets in R n . In the 1-dimensional case we prove that for n ≥ 3 one can move a unit line segment (in fact even a full line) continuously in R n within a set of measure zero in such a manner that the line segment points in all possible directions. We also show that in R n , for any n ≥ 2, one can parametrize unit line segments continuously by their direction so that all segments are contained in a set of arbitrarily small measure. However, if we parametrize lines continuously by their direction then the set which is not covered by their union is bounded.
Introduction
In 1917 Kakeya [8] asked the following question.
Kakeya needle problem. What is the least amount of area required to rotate continuously a unit line segment in the plane by a full rotation (i.e. by 360
Not knowing about this question, Besicovitch [1] constructed almost at the same time a planar set of Lebesgue measure zero that contains a unit segment in every direction. A set containing a unit segment in every direction is called a Besicovitch set. Later [2] he verified that a modification of his construction gives the following answer to the Kakeya needle problem: there exists a planar set of arbitrarily small area within which a unit line segment can be continuously rotated by a full rotation.
Is it possible to rotate a unit line segment continuously within a planar set of measure zero? It was already mentioned by Besicovitch in a footnote of [2] that this is impossible but a proof was published only recently by Tao [11] . Then O'Neil [10] proved that there exists a planar set of Lebesgue measure zero within which a line segment can be rotated by a map that is of Baire class 1, that is, a pointwise limit of a sequence of continuous functions.
In this paper we study the above questions in higher dimension. In Section 1 we show that in R n for n ≥ 3 one can do more than in the plane: it is possible to move a unit line segment (in fact even a full line) continuously within a set of measure zero in such a way that the line segment points in all possible directions. Hence, if we consider the time as the parameter of the continuous rotation then the above result gives a positive answer to the question. This answer leads to the natural question whether one can construct a continuous map from the set of directions to the set of unit line segments of R n (or to the set of lines in R n ) so that one assigns to each direction a unit line segment (or line) in that direction and all line segments (or lines) are contained in a small set. In Section 2 we verify that this is not possible for lines: the union of the lines is the whole R n if n is odd and it has bounded complement if n is even. However, as we show in Section 3, for unit line segments such a continuous parametrization by the direction is possible inside a set of arbitrarily small measure.
The main tools we use are the Besicovitch projection theorem in Section 1, algebraic topology in Section 2 and a simply connected construction given by Cunningham [4] to the Kakeya needle problem in Section 3.
Finally, we remark that this work (as the question and the work of Kakeya as well) has almost nothing to do with the famous "Kakeya conjecture", which states that Besicovitch sets in R n must have Hausdorff dimension n.
Time parametrization
We start by giving an explicit construction of a continuously parametrized Besicovitch set in R n for any n ≥ 3. we construct a map L that has all the required properties but instead of (i) the following holds:
(i') The lines L(0) and L(1) are parallel to u and w, respectively, and for any
Since every line through the origin hits at least one of the faces of [−1, 1] n , say V , and therefore at least one translate of the (n − 1)-dimensional unit cube inside V having a vertex at the center of V , by gluing finitely many such maps and by rescaling we will get the required map.
The following set will code the lines we take. Let
i ∈ {0, 1} and a
n is even for every i and j .
i ∈ {0, 1} for every i and j and a
n is even for j = 1, . . . , k with disjoint interiors that are obtained from the cubes of A k−1 by considering a black and white 2 × . . . × 2 chessboard on each cube of A k−1 so that the little cube closest to the origin is always black and by taking the black ones. Both constructions show that A is a self-similar set. One of the important properties of A is the following:
Proof. The claim follows easily from the definition of A: Write a 2 , . . . , a n in binary form as
we clearly have (a 1 , . . . , a n ) ∈ A.
By this claim, we can choose u , w ∈ A for the given u, w ∈ {1} × [0, 1] n−1 so that changing the first coordinates of u and w to 1 (if necessary) we get u and w, respectively. Now we construct a Peano type curve with range A that starts from u and ends at w . Now we can define the map L as follows. Let
Then L is clearly a continuous map from [0, 1] to {lines of R n }. First we prove (i'). By construction, if Γ(t) = (a 1 , . . . , a n ) then L(t) is parallel to (1, a 2 
that the lines L(0) and L(1) are parallel to u and w, respectively. The other part of (i') follows from Claim 1.2. Now we prove (ii).
which is a closed subset of R n since A is compact. Define
the set A a 3 ,...,a n is purely unrectifiable and has finite length.
the set A a 3 ,...,a n has finite length since if a 3 , . . . , a n are irrational then for any k it can be covered by 2 k squares of side length 2 −k . Assume that a 3 , . . . , a n can be written as
∈ {0, 1} for every i and j, and a
n is even for infinitely many j and odd for infinitely many j. Since almost every (a 3 , . . . , a n ) ∈ [0, 1] n−2 satisfies this condition it is enough to prove that A a 3 ,...,a n is purely unrectifiable under this assumption.
It is a well-known and fairly easy fact (see e.g. [9, 18.10 (4)]) that if a Borel set in the plane has two projections of zero Lebesgue measure then it is purely unrectifiable. Hence it is sufficient to show that
Let e 1 , e 2 , . . . be those indices j for which a
n is even and let o 1 , o 2 , . . . be those indices j for which a
..,a n . Then, by the definition of A, a 1 and a 2 can be written as
and a By the Besicovitch projection theorem [3] (see also [9, Theorem 18 .1]) almost every projection of a purely unrectifiable Borel subset of the plane with finite length has zero Lebesgue measure. Thus, by Claim 1.4, for almost every (a 3 , . . . , a n )
. . , a n ) ∈ A} has zero measure for almost every h ∈ R. Using Fubini's theorem, we see that F has measure zero, which completes the proof of (ii) and also the proof of Theorem 1.1. of L by which we mean that P is continuous and P (t) ∈ L(t) for every t ∈ [0, 1]. This can be done, for example, by taking for each t the closest point of L(t) to the origin. Since P is continuous L instead of L), we can guarantee that r ≤ ε. Finally, taking the unit subsegment of the line L(t) with midpoint P (t) for each t we get a continuous motion of a unit line segment in a compact subset of zero Lebesgue measure inside a ball of radius 1 2 + ε. Remark 1.6. In the proof of Theorem 1.1 we give an explicit construction for a continuously parametrized Besicovitch set with zero measure. There is a shorter way to prove the existence of such a set: Take a classical compact Besicovitch set B with zero measure and with unit segments in R n . Let X be the metric space of the unit line segments in R n equipped with the Hausdorff metric and let K consist of those segments of X that are contained in B. Then K is a compact subset of X. It is well known that every compact metric space is a continuous image of the Cantor set C. Hence we have a continuous map g : C → X so that g(C) = K. All we need to do is to extend this map continuously to [0, 1] so that the union of the segments of
in such a way that the diameter of g( [a, b] ) is at most twice the distance between g(a) and g(b) gives the desired extension since the union of the new segments will be a smooth 2-dimensional surface having zero measure. Since there are only countably many complementary intervals of C we have the claim.
Lines parametrized continuously by their direction
In the previous section we constructed lines in every direction in R n (n ≥ 3) so that they can be parametrized continuously by time and their union is small. In this section we parametrize lines continuously by their direction and show, by using simple algebraic topological arguments, that in this case the union must be huge. We denote by S
Proof. As in the proof of Corollary 1.5, we take a continuous P :
) is contained in a ball B. Let O be the center of B.
We will verify
For this it is enough to show that for any sphere S centered at O and having at least as big radius as B we have is not null-homotopic. Hence F must be surjective, which completes the proof.
If n is odd then we can say even more: the lines cover the whole
Proof. Again we take a continuous P :
. We will prove that for an arbitrary q ∈ R n we find
) then there is nothing to prove. Thus we may suppose that q ∈ P (S 
The following example shows that for every even n Theorem 2.2 is false and we cannot say more than Theorem 2.1 in this case. In the proofs of Theorems 2.1 and 2.2 we heavily used the fact that L is defined on the whole S n−1 , which caused topological obstacles to obtaining a small union. One might hope to obtain a small union if L is defined only on an open subset of S n−1 . The following theorem shows that even in this case the union of lines is large. For that we need a topological lemma, which is surely well known but for completeness we present a proof. 
Example 2.3. Let n be a positive even number and for any
be the closest point of W (a, r) to x. Extend g to a continuous retraction X → W (a, r). Then for any d ∈ W (a, r) we have Proof. By taking a compact subset of U with non-empty interior if necessary, we may suppose that U is compact. The proof starts as that of Theorem 2.1. We choose a continuous map P : 
Pick a ∈ U and 0 < ε < r < π 2 so that V (a, r) ⊂ U . It is easy to see that if the radius of S is larger than some R, which depends only on ε and the radius of B, 
In the same way as in the proof of Theorem 2.2 we define a continuous map
and we need to prove that f (d) = d or −d for some d. The fact that L is even implies that f is also even. Thus all we need is the well-known fact in algebraic topology that for any k any even map f : S , and therefore its degree is 1 (for definition and basic properties see e.g. [6, 7] ). On the other hand, the degree of an even continuous map
is always even (see e.g. [7, Theorem 23.24] ). This contradiction completes the proof.
Segments parametrized continuously by their direction
In this section we show that if, instead of lines, we parametrize unit line segments continuously by their direction then the union of the segments can be small. Our construction is based on a construction of Cunningham [4] . Definition 3.1. By an ε-Cunningham set we mean a simply connected subset C of the plane with Lebesgue measure less than ε in which a unit line segment can be continuously turned around so that its angle is non-decreasing and it returns to its original position with its ends reversed.
Cunningham [4] proved that ε-Cunningham sets exist for any ε > 0. The monotonicity of the angle is not stated in [4] but it follows from the construction in which the segment is always either turned by a positive angle or slid along the line containing the segment.
: |x − y| < δ for some y ∈ H}. The main result of this section is the following theorem, which provides a Besicovitch set with arbitrarily small measure in R n parametrized continuously by direction of its unit segments. Fix 0 < δ < π. In order to prove the n = 2 case, we replace α by a strictly increasing function. Let t 0 ∈ [0, 1] be such that α(t 0 ) = π − δ and let
It is easy to check that β(0) = 0, β(1) = π, β is strictly increasing and |β(t) − α(t)| < δ for any t ∈ [0, 1]. This last property implies that s(c(t), β(t)) is in the (π)), and we have
Thus, for n = 2, letting ϕ(d) be the angle between d and a fixed vector and taking δ small enough, f (d) = g(ϕ(d)) gives the desired map. Now let n ≥ 3. Since g : R → C is continuous and π-periodic and C is simply connected, there exists a continuous map
Let P ⊂ R n be a fixed 2-dimensional plane through the origin. If we identify R 2 with P then C ⊂ P ⊂ R n . We denote by proj P the orthogonal projection onto P . using the homotopy H. More precisely, we claim that implies that the set N δ 2 (C) has measure less than ε if δ is small enough. Hence it is enough to prove that
Moreover, recalling that the midpoints of the unit segments are in C ⊂ P , it is enough to show that
).
Otherwise, using (3.1), the inclusion (3.3) follows as
With some extra effort we can get a bit more.
Proposition 3.4. We can also guarantee in Theorem 3.3 that B is simply connected and it is contained in a ball of radius 1 + ε.
To prove this result, we need some additional properties of Cunningham's construction and also a slight technical improvement. Notation 3.5. We denote by B n (r) and B n (r) the n-dimensional open and closed ball centered at the origin with radius r, respectively. Here by a polygon we mean the closed body of a non-self-intersecting closed polygonal chain. Note that a finite union of polygons does not have to be a polygon even if the union is simply connected-this may happen if two polygons meet in a single point. Proof. Let C 0 ⊂ B 2 (1) be an ε-Cunningham set such that C 0 is a finite union of polygons. By adding small polygons around the finitely many points where two polygons meet in a singleton, we can make sure that C 0 is a polygon. Let d < ε be less than the smallest distance between disjoint edges of C 0 . Then one can check that N δ (C 0 ) is simply connected for any δ < ) such that N δ (C) is simply connected if δ is small enough. Starting from this C we use the argument and the notation of the proof of Theorem 3.3. First we claim that by choosing δ small enough and the homotopy map H properly we can guarantee that (1 + ε) , which completes the proof of (3.4).
